Commensurability oscillations in the SAW induced acousto-electric effect in a 2DEG. 
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We study the acousto-electric (AE) effect generated by surface acoustic waves (SAW) in a high 
mobility 2D electron gas (2DEG) with isotropic and especially small-angle impurity scattering. 
In both cases the acousto-electric effect exhibits Weiss oscillations periodic in B^ 1 due to the 
commensurability of the SAW period with the size of the cyclotron orbit and resonances at the 
SAW frequency uj = kuj c multiple of the cyclotron frequency. We describe how oscillations in the 
acousto-electric effect are damped in low fields where uj c t, < 1 (with the time scale r* dependent 
on the type of scattering) and find its non-oscillatory part which remains finite to the lowest fields. 
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Due to a finite wave number carried by surface acous- 
tic waves (SAWs) their application enables one to access 
the properties of low-dimensional electron systems^ that 
cannot be studied using the standard microwave absorp- 
tion techniques. The observation of magneto-oscillations 
in the shift of SAW velocity caused by its interaction 
with the 2D electrons in the vicinity of filling factor 
v = 1/2 and its comparison with Weiss geometrical 
oscillations^^ for electrons has enabled Willett et alA to 
establish the existence of a composite fermion Fermi sur- 
face. Also, the additional length scale in the system per- 
mits transitions otherwise forbidden by Kohn's theorem^, 
thus making possible detection of cyclotron transitions in 
a gas of composite quasiparticles^. 

In this Communication we extend the analysis of 
the phenomenon of geometrical commensurability onto 
the acousto-electric (drag) e5ec&l£^H which has been 
studied experimentally in semiconductor structures by 
Esslinger et alJ£ and Shilton et al. 14 . We show that by 
measuring magneto-oscillations and study the frequency 
dependence of the DC electric field induced in a 2DEG by 
a propagating SAW, one can access the same information 
about the Fermi gas as was previously studied in absorp- 
tion and SAW propagation experiments 1,8 . In the present 
publication we also compare and contrast two types of 
high- mobility structures: with isotropic and small-angle 
impurity scattering. 

Here we use an approach recently applied to the 
studies of another DC effect produced by a dynam- 
ical acoustic wave field, the SAW-induced magneto- 
resistance^. We investigate the AE effect in the lin- 
ear order in the SAW power and find the parametric 
dependences of the steady-state electric field Eae gen- 
erated by the SAW in the direction of its propagation, 
Eae = <iEAE{qRc,u c T* 7 u:/u! c ) , where q is the SAW 
wave vector, R c and uj c the electron cyclotron radius 
and frequency, ui the SAW frequency, and t» is the effec- 
tive electron scattering time crucially dependent on the 
type of impurity scatterin g 16 i 17 . In the high- field limit, 
uj c t* ^> 1, we describe Weiss oscillations of the AE ef- 
fect as a function of qR c . In addition, for low-density 
structures (as well as for heavy-mass carriers, such as 
composite fermions) we predict resonances in -Eae at fre- 
quencies uj — kuj c . For a small magnetic field (although 
large enough to ensure that vpB > E uq ), we show that 



while commensurability oscillations are damped, there is 
a finite field-independent contribution to the AE drag. 

Our theory consists of the analysis of the Boltzmann 
equation, 



£[/(p,x,t)]=C[/(p,x,f)] , 
C = dt + uj c R c cos ipd x + u> c d v + eEV . 



(1) 



V = v cos <po e cL , 

P 

where C is the collision integral and the momentum de- 
pendent part in C and V is written in terms of the elec- 
tron kinetic energy e = p 2 /2m and angle ip, characteriz- 
ing the direction of electron propagation with respect to 
the direction of propagation of the SAW. Here, v is the 
electron velocity, uj c and R c are the cyclotron frequency 
and radius respectively, E = \ x Ee l ^ t ~ qx ^ > is the longitu- 
dinally polarized SAW field, screened by the 2DEG. 

Using the (e, tp) parametrization of momentum space, 
we expand the distribution function /(p,x, t) into 

f(e,<p,x,t) =/T( e ) + EE/«e( f )^' + ' Ql ^. ( 2 ) 

where is the equilibrium Fermi function and f™ q 

characterize the non-equilibrium state caused by the 
SAW. We determine g m = / °° def m , so that g° would 
characterize the electron density and g^ 1 combine into 
electric current. We separate the collision integral 



C if (e, f)] = Ca/r, if 0= ¥>)] ~ 



/°(e) + (dJ T )g° 



(3) 



into the elastic and inelastic parts. Relaxation of the non- 
equilibrium part of the distribution function towards an 
isotropic distribution is described by the term C ff/ / ?p 



Cr, [/] = 



f°~f 



and 4 [/] = -d%f. (4) 



We adopt the subscripts 77 for isotropic scattering and 
a for small angle scattering, approximated by diffusion 
along the Fermi surface. In Eq. .Q, r _1 is the momen- 
tum relaxation rate [the timescale upon which the non- 
equilibrium harmonics / ±x decay]. Energy relaxation, 



2 



with t^ 1 <C t _1 , is taken into account by the last term 
in Eq. @ using the relaxation time approximation. 

The rectified (acousto-electric) current can be de- 
scribed using 



J =jx~ ij y =ej devf^ (e) 



(5) 



where 7 is the 2D density of states, and /oo (e, <p) is the 
steady state homogenous part of the non-equilibrium dis- 
tribution. Below, we restrict the analysis to effects linear 
in the SAW power and perform a perturbative analysis. 
We assume that the force from the SAW field is much less 
than the Lorentz force, E uq <C vfB, whereby electron 
cyclotron orbits are not destroyed by the SAW and no 
channelling of electron trajectories occurs. To describe 
the AE effect we relate the steady state term /oo (e, ip) 
to the SAW field and f uq (e, ip) at the SAW frequency by 
taking the Q = 0, f2 = harmonics of Eq. (Q, 



dtpfoo(e,<P) 



Cfoo (e, tp) 



eE- u ,- r 



±ujq 



We then evaluate the complex current, J , 



J 



: dip 
2^ £ 



dc 







-zip 



2e a 
— cos ipo t 

m 



[1 + iui c t\ 
sinp 

Ou, 



f uq (e,<p).(6) 



Assuming energy independence of r and density of states, 
7, we arrive at 

e 2 7r/m 



J 



V 

[1 + iu) c T] 



E- 



thus reducing the problem to that of finding the AC den- 
sity modulation n uq = jFg® q excited by the SAW. Note 
that (g® q )* = wn il c summation over the SAW 

harmonics satisfies w = s • q. 

Since the structure of J repeats that of the Drudc 
conductivity tensor, it is natural to work with the DC 
acousto-electric field generated by the SAW in the direc- 
tion of its propagation, 



Here we neglect the term / o oc \E uq \ since any result- 
ing corrections in f uq (e,ip) would be non-linear in the 
SAW power. Assuming a low temperature regime, kT <C 
lo c pf/q, we integrate the above over energy approximat- 
ing all energy dependent parameters (such as R c ) by their 
respective values at the Fermi level, d e fx ~ —S (e — ep), 
and arrive at 



— ■ l h iqRc COS <p 

UJ C LUc 



evpE L 



ioq 



9uq(<p) = — : - cos ip. 

(8) 

In the limit of qR c 3> 1, the solution to Eq. (JSJ dis- 
plays a fast-oscillating angular dependence, e"' ,J!cSln ' > 1 
caused by the last term in brackets on the LHS of Eq. JSJ. 
To take those fast oscillations into account we use the 
method proposed by Rudin, Aleiner and Glazman^fi and 
write gu>q(<p>) = h ulq (ip)e~ lqR " sln¥> . Using angular Fourier 
harmonics of h uq (ip), this reads 



oq — htqJk-n (qRc) ■ 



(9) 



k=—oo 



Having multiplied Eq. ® by e iqRc sin 9 -ik<p and intc _ 
grated over angle ip, we arrived at the system of coupled 
equations for Fourier coefficients h k q , 



ik — i- 



ll uq 



zkE L 



q 



Jk (qR c 



(10) 



dip /2it stands for averaging over the 



where (. . . 
angle ip. 

The following analysis of Eq. (|10|l depends on the form 
of the collision integral. For isotropic scattering, 



Jk(qR c )g° 



h k 



(11) 



and the elements h* q in equation Eq. (fTU|) decouple. One 
therefore finds the m-th angular harmonic of guj q (ip) as 



E AE = q— 



(7) 



As we show in the following calculation, the quantity of 
interest, Eae, depends on the relaxation rate, t» -1 , de- 
termined by the type of electron scattering which is quite 
different for small-angle (a) scattering from the momen- 
tum relaxation rate measured in conductivity. 

The dynamical perturbation g^q (ip) can be found by 
taking Fourier harmonics of Eq. at the frequency and 
wave number of the SAW, 



C 



er/rj 



0J t: 



i h iqR c cos ip 

UJ r 



(dJM q + eE uq 



UJ c Ti, 



V [/oo (e, ip) + fir (e)] . 



Jk (qR c ) Jk-m (qR. 




iJujq 

k— — oo 

Setting m = 0, we find 



cE^q 

gu)q 



y> _kJ 2 k (qRc) 



1 



K = 



I ^ J 2 k (qRc) 



51 a 



lo c t ik - i^- + -!- 

fe=-00 W c UJ C T 



(12) 
(13) 



In the limit of qR c ^> 1, then K -C 1 since 
J\ (qR c 3> 1) ~ 1/qRc — * 0. Additionally, the linear 
k dependence in Eq. I|12|) may be manipulated to read 
k = —i (ik — iuj/uj c + 1/u) c t) + i (—iuj/uj c + 1/uj c t) - the 
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first term exactly cancels the resonance denominator, and 
application of the identity J2k^k( x ) = 1 yields an ap- 
proximate form of g^ q , 



^ G-E^jg 



1 UJ 



£ 7 



fc— — CO 



JJ (ggg) 



(14) 



For small-angle scattering the angle-average in Eq. i|10|) 
takes the form 1618 



(ggc) ,fc _ £fc 

2r " 9 r ' 



(15) 



^r) -<C,f - 



[(2fc+l)^+ 1 + (2fc-l)^- 1 ] 



Jk(qRc)- Additionally, the presence of a finite wave 
vector lifts selection rules for electron transitions, 
allowing transitions otherwise forbidden by Kohn's 
theorem^, such as resonances at multiples of the 
cyclotron frequency. 

The dynamical redistribution of electrons leads to 
screening of the external SAW held E^ w by the 2DEG. 
We relate E uq to the unscreened held by inclusion of 
the dielectric function, E uq = E^ w /n(uj,q). In the 
Thomas-Fermi approximation, and in the limit of qR c > 
1 we find that k _1 (cj, q) ps a scr q^ where a scr = x/27re 2 7 
is the donor-related Bohr radius (x is the background 
dielectric constant) and introduce the dimensionless pa- 
rameter which is a measure of the amplitude of the 
screened SAW field normalized by the Fermi energy, 



£ = {ea scl .E^/e F ) 



(20) 



Coupling between different elements h^ q in a combina- 
tion of Eq. 11(J|I and Eq. (|15fl occurs with multipliers of 
(qR c ) /t < uj c and kqR c /r < lu c , and is now much 
weaker than the coupling one would obtain from a direct 
Fourier transform of Eq. (JSJ). This enables us to solve 
Eq. ifrnjl perturbatively in Gk ■ Note that we also attribute 
the term k 2 h^ q to the perturbative correction Q),, since 
k < qR c , and inclusion of this term in the leading ap- 
proximation would exceed the chosen accuracy. Thus, 
we write 



a 



eE„ 



E 

k— — o 



kJ k [qRc) Jk-m (qRc 



ik 



2uj c t 



E - 



Jk-m (QRc 



k— — c 



ik-i^ + ^-^cT 

UJ C 2uj c t 



(16) 



Setting m = 0, and solving up to second order Eqs. (|15l 
11611 in Qk we find that in the leading order of the pa- 
rameters Lo/qRcLOc — s/vp <C 1, k/qRc < 1 (qR c S> 1 
and qR c <C w c t), the main contribution to the zeroth 
harmonic is given by 



eE uq J 1 UJ_ 



4 (qRc) 



q I 1 Wc fc"oo ** - i-r- + ^r- 



(17) 



Using the similarity of Eqs. 1141 117|) . we express the 
SAW induced electric field, Eae = q^AE, for both 
isotropic and small-angle scattering cases in terms of the 
effective scattering rate r" 1 , 



In the limit of lo c t* 3> 1, we discuss two extreme cases, 
vf ^> s and vp < s, where s is the SAW speech in 
GaAs, s = 2.8 x 10 cms -1 . At electron densities n e ~ 
10 10 ~ 10 12 cm~ 2 , vp ^S> s and the relevant frequency 
regime in structures with realistic mobility appears to be 
lu/lOc — (s/vp)qR c <C 1. In this situation, the largest 
contribution to the DC field then comes from the term 
in Eq. (JTHJ with k = 0, and 



£ae 



2£e F ^ (qR c ) 
esr* 1 + (wx,) _ 



(21) 



It is interesting to note that the magnetic field de- 
pendence of the amplitude of geometrical oscillations de- 
scribed by Eqs. 1)21(1 strongly differs for the two limit- 
ing types of scattering considered above. In the case 
of isotropic (short-range) scatterers the oscillation am- 
plitude decreases as A" 1 with the oscillation number 
N ~ qR c /ir. In contrast, for low-angle scattering it 
is non-monotonic. It increases linearly in N up to 
N 17 ~ \J2ujt /it where the oscillations amplitude has a 
maximum followed by a gradual N~ 3 decrease. 

The result in Eq. 118|) also shows that in a low-density 
2DEG or in a gas of "heavy" composite fermions^, such 
that vf < s, resonances in the AE effect at to = kuj c be- 
come possible. Due to the oscillatory behaviour of Bessel 
functions Jk(qR c ) at qR c ^> 1 and since ^- — ^qR c , res- 
onances would appear in the experiment as a sequence of 
Lorentzians of apparently random height. 

To study the damping of geometrical oscillations at low 
magnetic fields u> c t* < 1, we use the method of residues, 
transforming the summation in Eq. I|18|) into the integral 



E AE = 2eS ^i 2 £ J; Jl{qR j.^ (18) 



k— — c 



(lu — ku) c ) + 1 



£ae 



£u>pp/2iri f [1 + sin (2qR c — Ztt)] cot(irz)dz 
euJcT* Jc [z - — + -M fz - — M 



for isotropic scattering, 

I I V ' I '.ihii; (111 — , 1 • • '• III I Mi 



(gfi c ) T i^ for small-angle scattering-^ ^ 



Geometrical commensurability manifests itself in 
Eq. (|18|l through the appearance of the Bessel function 



where for qR c » 1, Jk (qRc) ~ y/2/nqRc cos(qR c — 
kir/2 — 7r/4), and the contour C consists of two parts: 
in the upper half-plane, C + = x + iO and in the lower 
half-plane, C_ = x — iO. Each contour, C± is then 
moved away from the real axis, C± — > = x ± 
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such that e~ 2 ' y <C 1, when each contour picks up ex- 
actly one residue from the poles at z± = u /lo c ± i jio c T* 
(here and below the subscript ± is determined by the 
subscript of the contour). The numerator of the inte- 
grands in the shifted line integrals J c dz are approxi- 
mated using e~ 2 ' y <C 1, thus yielding cot(7rz) w =Fz and 
sm(qR c -z) « ie^ 2 ^"^/^. After this, each con- 
tour is then moved, C'± — > C±, such that 3C± — > T°o, 
passing the real axis as they approach the opposite ex- 
tremes of the complex plane. Thus, we arrive at 

£ AE = ^{l + sm(2^ c -^) e-^-j. 

The latter equation is typical for damped geometrical 
oscillations 1 ?,. It shows how commensurability oscilla- 
tions die away when 7t/o; c t* > 1 and that the onset of 
oscillations occurs at the magnetic field value such that 

R < R* { ^ n ^ so * ro P^ c scattering, 

c c \ I y / 2/n(lq) 2 for small-angle scattering. 

Together with the result in Eq. (|21|l . the latter offset 
condition shows that the number of B -1 oscillations, 
N ~ qRt/ 7T detectable in a sample with the mean free 
path I = vpT 3> 27r/g is larger when its mobility is lim- 
ited by short-range scatterers (N < N v ) than when scat- 
tering is due to smooth disorder (N < N a ), where 




In the regime of damped oscillations a finite and ap- 
parently field independent AE effect persists up to the 
field vfB > E uq (when channelling takes it toll), 

E AE ^ecup F (a scr E^ w /e F ) 2 . (23) 



The above presented analysis explains why the ob- 
served magnetic field dependence of the AE effect by 
Shilton et alH contained only one pronounced oscilla- 
tory feature associated with geometrical commensura- 
bility before the AE effect saturated at a finite value 
in low magnetic fields. This contrasted a comparison 
that the author of [ 14 ] made with the SAW absorption 
modelled in the r-approximation which suggested that 
many (N ~ 3 10) oscillations should become visible 
while varying the SAW wavelength from A ~ 10 fira to 
A ~ 3 /im against a mean free path of / = 30 /im. In 
structures with low-angle scattering N a , in Eq. 122fl in- 
creases very slowly with the increase of SAW wave num- 
ber remaining Y ^ 1 2 for all three SAW sources used 
in Ref. fi 4 *]. In the other AE experiment with surface 
acoustic waves^ that we are aware of, the mobility of 
samples was not sufficient to observe geometrical oscilla- 
tions, though the saturated non-oscillatory low-field AE 
was seen. 

In conclusion, we present a microscopic theory of 
the acousto-electric effect generated by surface acous- 
tic waves in a high mobility 2D electron gas with ei- 
ther isotropic or small-angle impurity scattering. In both 
cases the acousto-electric effect exhibits Weiss oscilla- 
tions periodic in B~ x due to the commensurability of 
the SAW period with the size of the cyclotron orbit and 
resonances as a function of SAW frequency at multiples 
of the cyclotron frequency. We find that the geometri- 
cal and frequency resonances vanish in low fields where 
w c r, < 1 (with the time scale r* dependent on the type 
of scattering), however its non-oscillatory part is finite to 
the lowest fields. 
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